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a b s t r a c t

We investigate the performance of unsteady Reynolds-averaged Navier–Stokes (URANS) computation
and various versions of detached eddy simulation (DES) in resolving coherent structures in turbulent flow
around two cubes mounted in tandem on a flat plate at Reynolds number (Re) of 22,000 and for a thin
incoming boundary layer. Calculations are carried out using four different coherent structure resolving
turbulence models: (1) URANS with the Spalart–Allmaras model; (2) the standard DES [Spalart, P.R.,
Jou, W.H., Strelets, M., Allmaras, S.R., 1997. Comments on the feasibility of LES for wings, and on a hybrid
RANS/LES approach. In: Liu, C., Liu, Z., (Eds.), Advances in DNS/LES. Greyden Press, Columbus, OH]; (3) the
Delayed DES (DDES); and (4) the DES with a low-Re modification (DES-LR) [Spalart, P., Deck, S., Shur, M.,
Squires, K., Strelets, M., Travin, A., 2006. A new version of detached eddy simulation, resistant to ambig-
uous grid densities. Theor. Comput. Fluid Dyn. 20 (3), 181–195]. The grid sensitivity of the computed
solutions is examined by carrying out simulations on two successively refined grids. The computed
results for all cases are compared with the experimental measurements of Martinuzzi and Havel [Martin-
uzzi, R., Havel, B., 2000. Turbulent flow around two interfering surface-mounted cubic obstacles in tan-
dem arrangement. ASME J. Fluids Eng. 122, 24–31] for two different cube spacings. All turbulence models
reproduce essentially identical separation of the approach thin boundary layer and yield an unsteady
horseshoe vortex system consisting of multiple vortices in the leading edge region of the upstream cube.
Significant discrepancies between the URANS and all DES solutions are observed, however, in other
regions of interest such as the shear layers emanating from the cubes, the inter-cube gap and the down-
stream wake. Regardless of the grid refinement, URANS fails to capture key features of the mean flow,
including the second horseshoe vortex in the upstream junction and recirculating flow on the top surface
of the downstream cube for the large cube spacing, and underestimates significantly turbulence statistics
in most regions of the flow for both cases. On the coarse mesh, all three DES approaches appear to yield
very similar results and fail to reproduce the second horseshoe vortex. The standard DES and DDES solu-
tions obtained on the fine meshes are essentially identical and both suffer from premature switching to
unresolved DNS, due to the mis-interpretation of grid refinement as wall proximity, which leads to spu-
rious vortices in the inter-cube region. Numerical solutions show that the low-Re modification (DES-LR) is
critical prerequisite in DES on the ambiguously fine – not fine enough for full LES – mesh to prevent
excessive nonlinear drop of the subgrid eddy viscosity in low cell-Re regions like in the inter-obstacle
gap. Mean flow quantities and turbulence statistics obtained with DES-LR on the fine mesh are in good
overall agreement with the measurements in most regions of interest for both cases.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

Turbulent flows around surface-mounted three-dimensional
obstacles are characterized by complex flow phenomena such as,
among others, three-dimensional separation and horseshoe vortex
formation in the junction region, quasi-periodic vortex shedding in
the shear layer emanating from sharp obstacle edges, low-fre-
quency bimodal oscillations of velocity fields, multiple recircula-
tion zones and wake structures (Devenport and Simpson, 1990;
ll rights reserved.
Hussein and Martinuzzi, 1996; Yakhot et al., 2006; Paik et al.,
2007). These phenomena lead to the formation of dynamically rich
coherent vortical structures which interact with each other and the
surrounding solid surfaces and play an important roll in particle
transport and heat transfer in many aerodynamics and hydrody-
namics applications.

Turbulent flow around a single wall-mounted cube has long
been used as benchmark case and studied extensively experimen-
tally to understand the basic flow topology and rich dynamics of
coherent vortical structures around surface-mounted obstacles
(e.g. Castro and Robins, 1977; Schofield and Logan, 1990; Martin-
uzzi and Tropea, 1993; Hussein and Martinuzzi, 1996). Among
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the various experiments reported in the literature, Martinuzzi and
Tropea (1993) reported one of the most detailed experimental
measurements and flow visualizations at Reynolds number (Re)
of 40,000 based on the cube height. Experimental investigations
of more complex cases involving flows past multiple surface-
mounted obstacles, on the other hand, are rather scarce. Meinders
and Hanjalić (1999) conducted experimental measurements of
flow over an array of wall-mounted cubes at a low-Re (Re = 3854
based on the cube height). More recently, experimental investiga-
tions of flows past two wall-mounted cubes have been carried out
at moderate (Re = 22,000) (Martinuzzi and Havel, 2000) and low
(Re = 3,900) (Meinders and Hanjalić, 2002) Reynolds numbers.

A number of numerical predictions of the flow around a single
cube at Re = 40,000 (Martinuzzi and Tropea, 1993) have been re-
ported in the literature using Reynolds-averaged Navier–Stokes
(RANS), unsteady RANS (URANS) and large-eddy simulation (LES)
turbulence models (Rodi, 1997; Rodi et al., 1997; Shah and Ferzi-
ger, 1997; Krajnović and Davidson, 2002; Iaccarino et al., 2003).
Three main conclusions can be drawn from these studies: (1) stea-
dy RANS simulations yield poor predictions of most aspects of such
flows, including the prediction of essential features of the mean
flow (Rodi, 1997; Iaccarino et al., 2003); (2) URANS with careful
treatment of the near-wall region yields acceptable mean flow
fields but fails to reproduce turbulence statistics induced by rich
dynamics of coherent structures around and in the wake of the
obstacle (Rodi, 1997; Iaccarino et al., 2003); (3) LES with appropri-
ate (turbulent) inflow boundary conditions yields mean flow and
turbulence statistics that are in reasonably good agreement with
the measurements (Shah and Ferziger, 1997; Rodi, 1997; Rodi
et al., 1997; Krajnović and Davidson, 2002). Flows past an array
of cubes have also been studied numerically (Meinders and Hanj-
alić, 1999) using URANS, detached eddy simulation (DES) (Schmidt
and Thiele, 2002), and LES (Nic̆eno et al., 2002). All these studies
assumed spatial periodicity in both streamwise and spanwise
directions and showed that DES and other hybrid URANS/LES ap-
proaches are promising engineering tools for practical simulations
of such flows.

Numerical simulations of flows past two surface-mounted
cubes, where the assumption of flow periodicity is no longer valid,
have yet to be reported in the literature. In the experiments of Mar-
tinuzzi and Havel (2000), which studied the flow past two cubes in
tandem, it was observed that for Reynolds numbers in the range
3000 < Re < 40,000 the flow around the cubes is only weakly sensi-
tive to Reynolds number. In particular, their detailed measure-
ments at Re = 22,000 are considered to be representative for all
Reynolds numbers in the range 12,000 < Re < 40,000. Through a
series of experiments for a wide range of cube spacings, they ob-
served that depending on the distance between the cubes three
distinct flow patterns exist. For small spacings, the shear layer sep-
arating from the first cube reattaches on the sides of the second
obstacle and periodic vortex shedding can only be detected in
the wake of the downstream cube – i.e. the two cubes essentially
act as a single bluff body. Above a critical spacing range, Martinuzzi
and Havel (2000) observed fluctuations in the inter-cube gap and
wake lock-in phenomena for three-dimensional tandem geome-
tries, and discussed details of the distinct features of the mean
velocity field in the lock-in regime and the shedding mechanism
of the wake at different phases of the shedding cycle (also, see Mar-
tinuzzi and Havel, 2000 for details). For larger spacings, a second
horseshoe vortex appears at the windward base of the second cube
(Martinuzzi and Havel, 2000).

In this study, we report the first (to the best of our knowledge)
numerical simulations for the experiments of Martinuzzi and Ha-
vel (2000) for two different cube spacings corresponding to 2 and
4 times the cube height, respectively. The objective of these simu-
lations is twofold: (1) to carry out a comprehensive assessment of
the predictive capabilities of various coherent structure resolving
turbulence models based on URANS and DES; and (2) to contribute
to the understanding of the rich coherent dynamics of such flows.
We carry out calculations using URANS with the Spalart–Allmaras
(S–A) model, the original DES approach (Spalart et al., 1997) and
two recently proposed variants of DES, the so-called delayed DES
(DDES) and DES with low-Reynolds number correction (DES-LR)
(Spalart et al., 2006).

DES was originally proposed by Spalart et al., 1997. It is a hybrid
URANS/LES approach based on the one-equation S–A eddy viscos-
ity model and has been successfully applied to resolve rich dynam-
ics of coherent structures over complex geometrical configurations
at practical Reynolds numbers using affordable computational re-
sources (Hedges et al., 2002; Paik and Sotiropoulos, 2005; Krishnan
et al., 2006a). In spite of the promise of this approach, however,
two critical deficiencies of the standard model have been identified
and already discussed extensively in the literature. First, in the
standard DES the boundary layers are treated entirely with the UR-
ANS model by generating a grid with large grid spacing parallel to
the wall as is common practice in conventional wall-resolving
RANS calculations. In practical application, however, the grid spac-
ing parallel to the wall may become less than the boundary layer
thickness d – e.g. through the boundary layer thickening or grid
refinement in the junction region confined by two walls. From
the DES standpoint, such grid structure implies that the LES mode
of the model will be activated prematurely in the attached region
of the flow where coherent unsteadiness has not yet emerged in
the computed solutions. Consequently, the instantaneous flow
fields do not have a sufficient level of Reynolds stresses to support
a turbulent-like LES computation, and the flow separates spuri-
ously in a laminar-like fashion. This strong dependence of the
DES and similar hybrid URANS/LES approaches on the grid struc-
ture has been recognized by Spalart et al. (1997) and also discussed
and demonstrated by others in recent studies (Menter et al., 2003;
Paik et al., 2007). Spalart et al. (2006) eloquently referred to this
deficiency of DES as modeled-stress depletion. The second deficiency
of DES stems from the fact that for the S–A subgrid model used in
the LES mode of the standard approach the subgrid eddy viscosity
decreases with both decreasing grid spacing and local flow Rey-
nolds number. Therefore, the standard model misinterprets a local
grid refinement below a threshold level as wall proximity, which re-
sults in excessive non-linear drop of subgrid viscosity relative to
the ambient velocity and length scales (Spalart et al., 2006). This
fast nonlinear drop of mt gives rise to a premature switch to ‘‘no-
model” computation (i.e. unresolved DNS) in regions of the flow
where the local Reynolds number is sufficiently low. Such situation
could typically occur in the downstream region of surface-
mounted obstacles where flow separation in the wake in conjunc-
tion with the presence of solid surfaces could result in very low
flow velocities. To eliminate these two potentially very serious in
practical applications deficiencies, Spalart et al. (2006) recently
proposed the two modified versions of DES which are evaluated
in this work: (1) DDES to remedy modeled-stress depletion; and
(2) DES-LR to address the issue of premature switch to unresolved
DNS.

The flow past two wall-mounted cubes is an excellent test case
for evaluating the performance of the various DES versions. The
geometrical complexity of the computational domain coupled with
the multi-faceted physics of the flow requires for accurate discret-
ization of the flow domain the use of computational meshes that
bring out both of the aforementioned deficiencies of the standard
DES model. For both cube spacings considered herein, for instance,
the computational domain is discretized using domain decomposi-
tion with a total of 12 overset chimera grids. The grid sensitivity of
the computed solutions is examined by carrying out simulations
on two meshes: a coarse mesh with approximately 0:82� 106;
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and a fine mesh with approximately 2:1� 106 grid nodes, which is
obtained by refining the coarse mesh by a factor of 3/2 in all three
spatial directions. The grid spacing on the fine mesh is such that
the LES mode of DES is activated in all regions of interest in the
flow, but is patently not fine enough to fully support LES content.
The resulting ambiguously fine grid structure will cause the stan-
dard DES to suffer both from modeled-stress depletion and prema-
ture switch to under-resolved DNS in regions of low local Reynolds
number, thus, allowing us to evaluate the effectiveness of the two
recent remedies reported in Spalart et al. (2006).

The paper is organized as follows. First we present the govern-
ing equations and a brief description of the numerical approach
and computational details. Next, along with our grid refinement
study, we discuss the features of the time-averaged flow along
with comparison with the experimental measurements (Martin-
uzzi and Havel, 2000; Martinuzzi and Havel, 2004). It is followed
by the presentation of two- and three-dimensional coherent vorti-
cal structures resolved on our fine grid and identified by visualiza-
tion techniques, and the comparison of computed turbulent
statistics with the measurements. Finally, conclusions are drawn.

2. Numerical methodology

2.1. Governing equations

The governing equations for the mean flow are the three-
dimensional, unsteady, incompressible, RANS equations. The equa-
tions are formulated in generalized curvilinear coordinates and
read in strong-conservation form as follows:
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In the equations above, the term P is a modified pressure
P ¼ p=qþ 2k=3 where p is the piezometric pressure and k is the tur-
bulence kinetic energy, uiði ¼ 1;2;3Þ are the resolved Cartesian
velocity components, xi are the Cartesian coordinates, J is the Jaco-
bian of the geometric transformation, nj

xi
are the metrics of the geo-

metric transformation, Uj are the contravariant velocity
components Uj ¼ uin

j
xi
; gij are the components of the contravariant

metric tensor gij ¼ ni
xk

nj
xk
;Re is the Reynolds number, mt is the turbu-

lent viscosity which is introduced by adopting the Boussinesq’s
assumption for modeling the unresolved stresses, and Rij is the
velocity gradient tensor Rij ¼ ð@uj=@n

kÞni
xj

.

2.2. Turbulence models

The DES technique, proposed by Spalart et al. (1997), is based on
the S–A eddy viscosity model (Spalart and Allmaras, 1994), which
solves a single transport equation for a working variable ~m that is re-
lated to the turbulent viscosity mt . This model includes a wall
destruction term, which reduces the turbulent viscosity in the log-
arithmic layer and laminar sublayer, as well as transition terms,
which provide a smooth transition from laminar to turbulent flow
(Spalart and Allmaras, 1994). After neglecting the transition terms,
which are not necessary in the present simulations, the transport
equation reads as follows:
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The turbulent viscosity mt is linked to the working variable ~m and a
wall function fm1 by

mt ¼ ~mfm1; f m1 ¼
v3

v3 þ c3
m1

; v ¼
~m
m

ð3Þ

where m is the molecular viscosity. The modified vorticity ~S is de-
fined in terms of the magnitude of the vorticity S as,

~S � fm3Sþ
~m

j2~d2
fm2; f m2 ¼ 1þ v
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� ��3

;
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where ~d is the DES length scale (see below). The production term as
written in Eq. (4) differs from that developed by Spalart and Allm-
aras (1994) via the introduction of fm3 and re-definition of fm2. These
changes do not alter predictions of fully turbulent flows and have
the advantage that in simulation of flows with laminar separation,
spurious upstream propagation of the eddy viscosity into attached,
laminar regions is prevented (Squires et al., 2005). The wall destruc-
tion function fw is given as follows:

fw ¼ g
1þ c6

w3

g6 þ c6
w3

� �1=6

; g ¼ r þ cw2ðr6 � rÞ; r �
~m

~Sj2~d2
ð5Þ

The function ft2 is defined as,

ft2 ¼ ct3 expð�ct4v2Þ ð6Þ

The closure coefficients are cb1 ¼ 0:1355; r ¼ 2=3; cb2 ¼ 0:622;
j ¼ 0:41; cw1 ¼ cb1=j2 þ ð1þ cb2Þ=r; cw2 ¼ 0:3; cw3 ¼ 2; cm1 ¼ 7:1;
cm2 ¼ 5; ct3 ¼ 1:1 and ct4 ¼ 2.

In this study, we apply the standard and two modified versions
of DES along with URANS based on the numerical solution of the
governing equations with the S–A turbulence model in unsteady
mode.

2.2.1. DES
DES stands for the standard DES proposed by Spalart et al.

(1997). The DES length scale in the S–A model equations depends
on the distance from the nearest wall d and the local grid spacing D
as follows:

~d �minðd;CDESDÞ ð7Þ

where D �maxðDx;Dy;DzÞ is the largest dimension of the grid cell
and the additional model constant is set equal to its standard value
CDES ¼ 0:65. Assuming that the computational mesh is constructed
such that the wall-parallel grid spacing is of the order of the bound-
ary layer thickness, the above length scale definition ensures that
the S–A URANS model is retained throughout the boundary layer,
i.e., ~d ¼ d. Consequently, prediction of boundary layer separation
is determined in the URANS mode of DES. Sufficiently far from solid
boundaries ~d � D and the model becomes a one-equation LES model
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for the sub-grid scale (SGS) eddy viscosity. When the production
and destruction terms of the model are balanced, the length scale
~d ¼ CDESD in the LES region yields a Smagorinsky eddy viscosity
~m / SD2. Analogous to classical LES, the role of D is to allow the en-
ergy cascade down from the resolved to the sub-grid scales;
roughly, it makes the pseudo-Kolmogorov length scale, based on
the eddy viscosity, proportional to the grid spacing.

2.2.2. DDES
DDES denotes the delayed DES model, which is proposed by

Spalart et al. (2006) to preserve the RANS mode (or to delay the
LES mode) in the boundary layer, even if D is much less than d.
The modification of the standard model of Spalart et al. (1997) is
analogous to that in Menter et al. (2003) which uses the blending
functions of the SST model. DDES redefines the length scale ~d to
preserve the URANS treatment of the boundary layer via the model
function fd as follows:

~d � d� fd maxð0; d� CDESDÞ ð8Þ

The function fd is defined as,

fd � 1� tanhð½8rd�3Þ ð9Þ

The quantity rd used in the function fd is a modified expression of r
in the S–A model given as,

rd �
mt þ mffiffiffiffiffiffiffiffiffiffiffiffi

ui;jui;j
p j2d2 ð10Þ

where ui;j are the velocity gradients. Similar to r in the S–A model, rd

equals 1 in a logarithmic layer, and falls to 0 gradually toward the
edge of the boundary. Subsequently, the function fd is designed to
be 1 in the LES region, where rd � 1, and 0 elsewhere (near-wall re-
gion). The constants 8 and 3 are based on shape requirements for fd

and on tests of DDES in the flat plate boundary layer, which ensure
that the solution inside the entire boundary layer is essentially
identical to the RANS solution, regardless of the grid spacing (see
Spalart et al., 2006 for details).

2.2.3. DES-LR
DES-LR denotes the DES with a low-Reynolds number correc-

tion proposed by Spalart et al. (2006) against the premature switch
of the standard DES to unresolved DNS in low cell-Re regions. In
the DES-LR, the length scale ~d is redefined via introducing the mod-
el function W P 1 which is a function of mt=m, or equivalently of the
parameter v in the S–A model:

~d �minðd;WCDESDÞ ð11Þ

where

W2 ¼min 102;
1� cb1

cw1k2 f �w
½ft2 þ ð1� ft2Þfm2�

fm1 maxð10�10;1� ft2Þ

" #
ð12Þ

The quantity f �w(=0.424) is the limit value of the equilibrium func-
tion fw at high subgrid viscosity. The derivation of the expression
is based on the assumption that at equilibrium the modified subgrid
model driven by ~d ¼ WCDESD should reduce to a Smagorinsky-like
model, i.e., mt ¼ ðCDÞ2S where C is constant. The function W and
1� ft2 are limited to ensure reasonable behavior in the ‘‘DNS limit”
mt < m=100. The correction is inactive (W ¼ 1) for a subgrid eddy vis-
cosity higher than about 10m and becomes quite strong for lower
values. Note that, instead of the modified versions of fm2 and fm3 gi-
ven by Eq. (4), we used the following original functions in the DES-
LR model,

fm2 ¼ 1� v
1þ vfm1

; f m3 ¼ 1 ð13Þ
2.3. Numerical method

The governing equations are solved using a dual-time-stepping
artificial compressibility (AC) iteration scheme. The AC form of
the governing equations are discretized using a second-order-accu-
rate finite-volume method on the non-staggered computational
grid. The convective terms are discretized using the second-order
accurate, upwind-biased QUICK scheme, and central differencing
is employed for the pressure gradients, viscous fluxes and source
terms in the turbulence equation. The third-order, fourth-differ-
ence artificial dissipation method of Sotiropoulos and Abdallah
(1991) is employed for pressure to eliminate odd–even decoupling
of the pressure field. The physical time derivatives are discretized
with three-point-backward, Euler-implicit temporal-integration
scheme. The discrete equations are marched in time to advance
the solution to the next time step by adopting the dual- (or pseu-
do-) time-stepping method. The system of equations is integrated
in pseudo time using the pressure-based implicit preconditioner
(Paik et al., 2005) enhanced with local-time-stepping and V-cycle
multigrid acceleration. The computational domain is discretized
using the domain decomposition approach with structured, overset
(chimera) grids. We apply a set of characteristics-based, non-
reflecting boundary conditions at the outlet of the computational
domain to allow complex vortical structures to exit the computa-
tional domain without distortion. The numerical method has been
extensively evaluated for calculating various turbulent shear flows
in complex geometrical configurations (Paik et al., 2005, 2007; Paik
and Sotiropoulos, 2005). For a detailed description of the numerical
method the reader is referred to Paik et al. (2005). The code has
been parallelized with MPI and run on a high performance comput-
ing cluster in the University of Minnesota Supercomputing Institute
(MSI).

2.4. Computational details

We simulate flows past two cubes of height H mounted in tan-
dem along the streamwise direction in a thin boundary layer
(d=H 	 0.07 where d is the boundary layer thickness). Martinuzzi
and Havel (2000) conducted an extensive experimental investiga-
tion of such flows for a broad range of cube spacings SH and Re
based on H and the bulk velocity. They observed that the measured
flow patterns at Re = 22,000 are representative of the overall flow
features for Reynolds numbers in the range 12,000–40,000. Among
all their experimental configurations, therefore, we focus on two
geometrical configurations with SH ¼ 2 and 4, respectively, at
Re = 22,000. For both cases detailed experimental measurements
have been published along with in-depth discussion of the flow
physics (Martinuzzi and Havel, 2000, 2004).

For both SH ¼ 2 and 4, the upstream cube is located at a distance
of 2H from the leading edge of the plate and the outlet boundary is
placed at x ¼ 10H downstream of the leading edge of the first cube
where the non-reflecting boundary conditions are applied (Paik
et al., 2005). The lateral boundaries are placed symmetrically with
respect to the streamwise plane of symmetry at z ¼ 
3:25H while
the top boundary is placed at y ¼ 3:5H. Zero gradient boundary
conditions are used at all these boundaries. No-slip boundary con-
ditions are applied on the bottom wall and the cube surface. Mar-
tinuzzi and Havel (2000) reported in their experiments that the
inlet profile was uniform within 1% of the free stream velocity
and the free stream turbulence intensity was less than 1.5%. To
investigate the sensitivity of the numerical simulations to inflow
disturbances, we carried out simulations using both steady and un-
steady inflow conditions. The later were prescribed using a syn-
thetic turbulence generation technique (Batten et al., 2004;
Keating et al., 2006) by assuming homogeneous turbulent fluctua-
tions of 1% turbulence intensity. Both steady and unsteady inflow



Fig. 1. Overset grids and the coordinate system.
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conditions yielded essentially identical results for all cases and for
all turbulence models. The results reported in the following
section, however, have been obtained using the unsteady inflow
conditions.

Fig. 1 shows the computational overset grids and the coordinate
system for SH ¼ 2. The computational domain is discretized using
domain decomposition with overset grids consisting of a total of
12 subdomains. The use of overset grids ensures fine resolution
in the regions of interest without unnecessarily burdening the rest
of the domain with the high aspect ratio cells that would result if
the entire computational domain were to be discretized with a sin-
gle set of coordinates. To explore the sensitivity of computed solu-
tions to grid refinement for both cases, numerical simulations are
carried out on two grids refined by a factor of 3/2 in all three direc-
tions: the coarse grid (cg) with approximately 0.82 million nodes;
and the fine grid (fg) with 2.1 million nodes. For both the SH ¼ 2
and 4 cases, the number of grid nodes around the upstream cube
is approximately twice as large as that around the downstream
cube while overall grid resolutions in the inter-cube gap and the
downstream cube wake are independent on the cube spacing.
The first grid node off all solid walls is located at yþ 6 1:0 every-
where. The coarse and fine grid computations for both cases are
carried out using nondimensional physical time steps of 0.025
and 0.02, respectively. Statistically converged URANS and DES re-
sults are obtained for nondimensional time of 400 and 800,
respectively.

3. Results and discussion

For the SH ¼ 2 we carry out DES, DDES, DES-LR and URANS sim-
ulations while for reasons that will be apparent later in this section
we only report DES-LR and URANS results for the second case. In
what follows, we first present and discuss the computed time-
averaged results and compare with the measurements of Martin-
uzzi and Havel (2000, 2004) in terms of mean flow quantities
and oil-film visualizations. This is followed by the presentation of
two- and three-dimensional visualizations of computed instanta-
neous flow fields to elucidate unsteady features of coherent vorti-
cal structures for the two different geometrical configurations and
highlight the discrepancies between URANS and DES solutions. Fi-
nally we present and discuss the computed turbulence statistics
along with the comparison with the measurements (Martinuzzi
and Havel, 2000).

Time-averaged velocity vector fields computed at the stream-
wise plane of symmetry (z ¼ 0) and at a horizontal plane
(y ¼ 0:375) for SH ¼ 2 are compared with the measurements (Mar-
tinuzzi and Havel, 2000, 2004) in Figs. 2 and 3, respectively. The
measurements reveal two dominant large mean recirculation re-
gions in the inter-cube gap and in the downstream cube wake at
the plane of symmetry. The postfixes -cg and -fg in the turbulence
model names, like DES-cg and DES-fg, stand for the coarse and fine
grid computations, respectively. In these figures the computed
velocity vectors are colored by the modeled eddy viscosity to indi-
rectly show the relative importance of the LES mode and the low-
Re correction of DES. Fig. 2 clearly shows that, unlike all DES mod-
els, URANS models most of the turbulent energy and yields flow
fields which are insensitive to grid refinement. DES-cg, DDES-cg
and DES-LR-cg appear to reproduce similar velocity fields and
essentially identical eddy viscosity distributions, which are one or-
der of magnitude smaller than that computed by URANS. Though
some discrepancies are discernible in terms of vortex core location
and overall shape, all computations except DES-fg and DDES-fg ap-
pear to reproduce with good accuracy the two main recirculating
flow regions. In the inter-cube region URANS simulates a core loca-
tion of the recirculating flow slightly lower and skewed upstream
than the measurements while, in best agreement with the mea-
surements, DES-LR-fg yields a slightly higher core without signifi-
cant streamwise distortion. DES-fg and DDES-fg underestimate the
intense reverse flow near the bottom plate in the inter-cube region.

The mean flow measured at the horizontal plane for SH ¼ 2 is
characterized by the formation of two pairs of counter-rotating
recirculation vortices in the inter-cube gap and the downstream
cube wake, as shown in the measurements in Fig. 3. The measure-
ments (Martinuzzi and Havel, 2000) further show that the develop-
ment of the shear layer along the side faces of the downstream
cube is strongly influenced by the flow impinging on its front face.
As a result, large-scale oscillations of the wake flow lock-in with
those of the gap flow (Martinuzzi and Havel, 2000). In terms of
mean velocity vectors and the modeled eddy viscosity, the grid
sensitivity of all numerical solutions at the horizontal plane is con-
sistent with that at the vertical plane of symmetry shown in Fig. 2.
Mean flow fields computed by URANS and all DES models do not
show significant differences in the wake of the downstream cube,
which agrees well with the measurements (Martinuzzi and Havel,
2000). Some differences between the various numerical solutions
are found in the inter-cube region and near the side faces of the up-
stream cube. In the inter-cube region, URANS-cg and URANS-fg
yield counter-rotating recirculating vortices which are slightly
slimmer in shape than the measured ones and impinge on the side
face of the downstream cube rather than on its front side edges.
DES-LR-fg underestimates the velocity magnitude near the front
side edges of the downstream cube but its solution is in better
agreement with the measurements than URANS and other DES
solutions in terms of overall shape of the counter-rotating vortices.

In both Figs. 2 and 3, a notable discrepancy is observed in the
magnitudes of the eddy viscosity modeled by URANS and all DES
models. URANS yields an eddy viscosity that is one order of magni-
tude higher than that computed by all DES models on the coarse
mesh in the regions of interest. This discrepancy is responsible
for URANS simulating only low-frequency large-scale spanwise
oscillations in the inter-cube gap and in the wake of the down-
stream cube without resolving the smaller scales which are cap-
tured by DES-LR (see Figs. 11–13). DES-fg and DDES-fg yield
fundamentally identical solutions with the subgrid eddy viscosity
essentially negligible in most regions of interest. Along the vertical
plane of symmetry, DES-fg and DDES-fg appear to reproduce the
main recirculation regions similar in shape to those obtained from
DES-LR-fg. However, both underestimate the intense reverse flow
near the bottom surface in the inter-cube gap and fail to capture
the rapid recovery of streamwise velocity profiles downstream of
the second cube (roughly x > 8), as shown in Fig. 2. Furthermore,
significant deterioration of DES-fg and DDES-fg solutions is ob-
served on the horizontal plane. As show in Fig. 3 the solutions ob-
tained with DES-fg and DDES-fg suffer from the emergence of
spurious vortices that do not exist either in the measurements or
in the URANS-fg and DES-LR-fg predictions. These vortices form
at the upper and lower upstream edges of the second cube and



Fig. 2. Mean velocity vectors measured (Martinuzzi and Havel, 2000) and computed on the (left) coarse and (right) fine meshes at the vertical plane of symmetry z ¼ 0:0 for
the cube spacing SH ¼ 2. Computed vectors are plotted on the reconstructed mesh for visualization and colored by the modeled eddy viscosity.
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should be attributed to the mis-interpretation of grid refinement as
wall proximity in the inter-cube region. Note that the domain
decomposition method with overset grids employed in this study
allows us to efficiently impose high resolution in the inter-cube re-
gion. As pointed out by Spalart et al. (2006) and also observed in
our computations, the mis-interpretation of grid refinement as wall
proximity excessively lowers the subgrid eddy viscosity, relative to
the ambient velocity and length scales, which results in a prema-
ture switch to unresolved DNS in the region where the local cell-
Re is small. The resulting fast nonlinear drop of the subgrid eddy
viscosity in the inter-cube region is thus responsible for the onset
of the spurious vortex pair in the DES-fg and DDES-fg solutions.
Our results clearly demonstrate that the low-Re correction of Spal-
art et al. (2006) employed in DES-LR successfully corrects this
shortcoming of the standard DES model and eliminates the spuri-
ous vortices from the solution. Our results further suggest that
the length scale modification of Spalart et al. (2006) employed in
DDES-fg as the remedy for the so-called modeled-stress depletion
accompanying spurious laminar-like premature separation appar-
ently does not have a significant effect in our simulations. As
shown in Figs. 2 and 3, on each grid, DES and DDES solutions are
essentially identical in most regions of interest. This is consistent
with results from a comparative study by Krishnan et al. (2006b)
who reported that the DES and DDES predictions are essentially
the same in the statistics as well as flow visualizations in simula-
tions of flow around a circular cylinder at high Re. Note that in both
cases of Krishnan et al. (2006b) and our study the flow domains
contain regions of massive separation, wakes and thin boundary
layers. Consequently, it is not surprising that the modification for
delaying the LES mode in DDES does not work and that, as a result,
DES and DDES yield the same results in these cases.

As shown in Fig. 4, which plots the measured (Martinuzzi and
Havel, 2000) and computed mean velocity vectors at the plane of
symmetry (z ¼ 0) for SH ¼ 2, the mean flow in the upstream region
of the first cube is dominated by the horseshoe vortex system.
Although it is not clear in the measurements due to the coarse
resolution near the bottom plate, Martinuzzi and Havel (2000)
observed that the mean horseshoe vortex system actually consists
of a complex structure involving a primary horseshoe vortex and at
least two additional counter-rotating vortices upstream of the
primary vortex in the thin laminar boundary (d=H 	 0:07).
Interestingly, all DES models and URANS yield essentially the same



Fig. 3. Mean velocity vectors measured (Martinuzzi and Havel, 2004) and computed on the (left) coarse and (right) fine meshes at a horizontal plane (y ¼ 0:375) for SH ¼ 2, as
Fig. 2.
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flow in the leading edge region and capture reasonably well the
overall features of the horseshoe vortex system. A discrepancy be-
tween the measurements and the numerical predictions is that the
computed primary mean horseshoe vortex is somewhat smaller in
size and its core is located closer to the leading edge of the obstacle
compared with the measurements (Martinuzzi and Havel, 2000).
Specifically, the computed horseshoe vortex core is located
approximately at x ¼ 1:83 and y ¼ 0:09 as compared to
roughly x ¼ 1:78 and y ¼ 0:11 in the measurements, as shown in
Fig. 4.

Interestingly, the trend that the predicted vortex is located
closer to the obstacle than measured is exactly opposite to the



Fig. 4. Measured (Martinuzzi and Havel, 2000) and computed mean velocity vectors at the plane of symmetry z ¼ 0 in the leading edge region of the upstream cube for
SH ¼ 2. Computed vectors are plotted on every 4th horizontal and every 2nd vertical nodes.

Fig. 5. Smoke visualization (Martinuzzi and Havel, 2000) and DES-LR-fg solution visualized by an instantaneous (center) and time-averaged (right) out-of-plane vorticity and
streamlines at the plane of symmetry in the leading edge of the upstream cube for SH ¼ 2. Note that URANS-fg, DES-fg and DDES-fg solutions are essentially identical to DES-
LR-fg solution in this region.
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findings reported in recent numerical simulations (Paik et al.,
2007) of the turbulent horseshoe vortex developing in the junction
of a wing with a flat plate at much higher Reynolds number
(Re = 115,000) and for a very thick incoming boundary layer
(d99=T 	 0:5 where T is the wing maximum thickness) which was
experimentally investigated by Devenport and Simpson (1990).



Fig. 6. Measured (Martinuzzi and Havel, 2000) and computed mean velocity vectors at the plane of symmetry z ¼ 0 over the top face of the upstream cube for SH ¼ 2.
Computed vectors are plotted on every 2nd horizontal and vertical nodes.
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Paik et al. (2007) employed URANS and DES based on the S–A mod-
el to simulate the experiment of Devenport and Simpson (1990)
and reported that the simulated vortex core is in fact located fur-
ther upstream from the wing leading edge than measured. This
excessive sensitivity of the S–A model to the adverse pressure gra-
dient is also confirmed by Pasinato et al. (2004) who carried out
the S–A model based RANS computation of the turbulent horse-
shoe vortex developing in the vane-endwall junction for the thick
incoming boundary layer (d99=R 	 0:62 where R is the vane leading
edge radius). The differences in the URANS and DES predictions of
the vortex location should be due to the combined effect of the sig-
nificant differences in the Reynolds number and the thickness of
the approach boundary layer between the present case and that
of the Devenport and Simpson experiment. Note that Paik et al.
(2007) reported that for the Devenport and Simpson case URANS
with the S–A model yields a steady horseshoe vortex system while
the standard DES fails to resolve correctly the dynamics of the
horseshoe vortex due to the aforementioned grid-induced mod-
eled-stress depletion shortcoming. For this case the approach
boundary is so thick that the entire horseshoe vortex system is
embedded in the boundary layer and the condition for a well-
posed DES (i.e. the requirement that the streamwise grid spacing
should be greater than half the thickness of the boundary layer)
is violated in the junction of the wing with the flat plate (see Paik
et al., 2007 for details). Paik et al. (2007) had to device a flow-spe-
cific correction to the DES length scale that enforced a URANS layer
in the near-wall region regardless of the local grid spacing. Such
correction is not required in the present case because the approach



Fig. 7. Measured (Martinuzzi and Havel, 2000) and computed mean velocity vectors colored by the modeled eddy viscosity at the plane of symmetry z ¼ 0 for the cube
spacing SHÞ ¼ 4. Computed vectors are plotted on the reconstructed mesh for visualization.
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boundary layer is sufficiently thin so that it is possible to construct
a grid that ensures adequate resolution of the horseshoe vortex
while satisfying the condition for a well-posed DES in the junction
region. Furthermore, it is important to note that for all turbulence
models employed herein, including the URANS model, the modeled
eddy viscosity is negligible in the front face of the first cube. This
should be attributed to the relatively low-Reynolds number of
the present case which combined with the thin approach boundary
layer and the very weak turbulence at the inlet plane results in an
essentially laminar or at best transitional three-dimensional sepa-
ration and vortex formation (see discussion of Fig. 5 below). This is
a major difference between the present case and that of the Deven-
port and Simpson experiment and explains why for the former case
both the URANS and all DES models resolve the unsteadiness of the
vortex and yield essentially identical results in the junction region
of the first cube while for the latter case URANS and standard DES
failed to capture the coherent unsteadiness of the flow and the cor-
rect unsteady dynamics, respectively.

We also investigated the possible role of inflow disturbances on
improving the prediction of the mean horseshoe vortex location. As
shown in Shah and Ferziger (1997) and Krajnović and Davidson
(2002) using turbulent inflow conditions for a thick incoming
boundary layer case can significantly affect the predicted location
of the vortex core. As we have already mentioned before, however,
using steady or pseudo-turbulent inflow conditions in our case
yielded for all turbulence models results identical to those shown
in Fig. 4.

Martinuzzi and Havel (2000) carried out smoke visualization
experiments to elucidate the unsteady features of the horseshoe
vortex in the transitioning boundary layer upstream of the first
cube. Their results are shown in Fig. 5 which shows that the incom-
ing flow separates from the saddle point of separation roughly at
x ¼ 0:95 and that the horseshoe vortex system is dominated by
multiple vortices upstream of the primary junction vortex close
to the leading edge. The findings of Martinuzzi and Havel (2000)
are entirely consistent with other horseshoe vortex experiments
with thin and laminar incoming boundary layer Seal et al., 1995.
The calculated instantaneous streamlines and out-of-plane vortic-
ity contours snapshot also shown in Fig. 5 reveal that the compu-
tations capture the experimental trends. Furthermore, the
corresponding time-averaged out-of-plane vorticity contours and
streamlines also shown in the figure depict the existence of a mean



Fig. 8. Detailed view of time-averaged velocity vectors overlaid by mean streamlines colored by the mean pressure (blue, low; red, high) at the plane of symmetry z ¼ 0
around the downstream cube for SH ¼ 4. Computed vectors are plotted on every second nodes. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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horseshoe vortex (HSV) of negative vorticity and a thin layer of
positive vorticity between the mean HSV and the bottom wall.
The overall shape of the positive vorticity layer is comparable to
those in previous studies for both laminar and turbulent boundary
layers (Seal et al., 1995; Yakhot et al., 2006; Paik et al., 2007). Since
detailed measurements in the leading edge region are not available
and an in-depth investigation of the flow physics of the horseshoe
vortex system in the thin laminar boundary layer is beyond the
scope of this study, we will not elaborate further on this issue
but pursue it in future work.

Fig. 6 shows the flow over the top surface of the upstream cube
where the shear layer separates at the upstream leading edge and
forms a distinct recirculation zone dominated by multiple vortices.
This figure reveals that all numerical solutions are not sensitive to
the grid refinement in this region. We leave out the vector plot of
the DDES solutions on both grids in this figure because those are
essentially identical to the DES solutions. The measurements of
Martinuzzi and Havel (2000) show that the interplay among the
shear layer, the top surface of the cube, the backflow from the in-
ter-cube region, and its re-separation over the trailing edge of the
top surface results in the formation of three main vortices whose
core locations are visible at approximately x = 2.15, 2.7 and 2.9,
respectively. In this region, URANS yields mean flow in better
agreement with the measurements than all three DES. Although
the backflow from the inter-cube region is relatively well repro-
duced in terms of its direction and velocity magnitude compared
to the URANS solution, DES and DES-LR appear to overestimate
the counter-rotating vortex induced by the re-separation of the
backflow. This results in the underestimation of the reverse flow
along the top face of the cube, as shown in Fig. 6.

When the cube spacing SH is increased from 2 to 4, there is no
significant change in the measurements around the upstream cube
while the flow in the inter-cube and around the downstream cube
appears to be, as one would reasonably anticipate, significantly



Fig. 9. Computed time-averaged velocity vectors colored by the modeled eddy viscosity at the vertical plane of symmetry (y ¼ 0:375) for SH ¼ 4, as Fig. 7. No measurements
(Martinuzzi and Havel, 2000) available.
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dependent on the cube spacing. It is clearly visible in the measure-
ments shown in Fig. 7 that for SH ¼ 4 the shear layer separating at
the top leading edge of the upstream cube impinges on the front
face of the second cube. The impingement of oncoming fluid re-
sults in a strong adverse pressure gradient, which leads to the for-
mation of the second horseshoe vortex (SHV) system at the
junction of the front face of the second cube and the bottom plate.
Also, there is a region of upward moving fluid above the saddle
point of attachment on the front face which re-separates at the
front upper edge of the second cube and forms a short recirculation
zone. As shown in Fig. 8, only DES-LR-fg captures these distinct
vortical structures observed in the experiment for SH ¼ 4 around
the downstream cube with good accuracy. In URANS-cg and UR-
ANS-fg, the stagnation point on the front face of the second cube
is located closer to the top edge so that the re-separation does
not occur near the top leading edge of the second cube. As a result,
the computed adverse pressure gradient in front of the second
cube appears to be too week to form SHV. The core of the primary
recirculating flow computed by URANS is shifted upstream with
respect to the measurements. Furthermore, URANS fails to capture
the backflow from the inter-cube region to the top region of the
upstream cube as well as the overall shape of the recirculation



Fig. 10. Surface oil-flow visualization (Martinuzzi and Havel, 2000) and computed time-averaged friction lines colored by time-averaged shear velocity (blue, us ¼ 0:0 and
red, us ¼ 0:06) for SH ¼ 2 and 4. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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zone, as shown in Fig. 7. Interestingly, DES-LR-cg fails to capture
the SHV. Though the core location of the primary recirculating flow
is slightly higher than the measurement (Martinuzzi and Havel,
2000), DES-LR-fg appears to reproduce all measured mean flow
features at the plane of symmetry with good accuracy. These re-
sults confirm that both an appropriately refined grid and the
low-Reynolds number modification against the premature switch
of the standard DES to unresolved DNS in low cell-Re regions are
essential in DES for capturing detailed flow features around the
two cubes. The computed mean recirculating flow downstream
of the second cube does not appear to be significantly dependent
on the cube spacing at the plane of symmetry, which is consistent
with a series of experimental measurements of Martinuzzi and Ha-
vel (2000).

Due to the lack of measurements (Martinuzzi and Havel, 2000,
2004) for SH ¼ 4 at the horizontal plane, only the computed veloc-
ity vectors are plotted in Fig. 9. The primary counter-rotating vor-
tices in the inter-cube region computed by URANS and DES-LR on
both grids for SH ¼ 4 are consistent with those for SH ¼ 2. Both UR-
ANS-cg and URANS-fg solutions yield recirculation zones which are
slimmer and longer in the streamwise direction than those ob-
tained with the corresponding DES-LR solutions. A notable feature
in the computed flow fields for SH ¼ 4 is that the pair of the saddle
points S1 and S2 captured for SH ¼ 2 merge to form a single saddle
point along the plane of symmetry. As shown in Fig. 9, DES-LR-fg
yields a single saddle point roughly at x ¼ 5:3 and z ¼ 0 at the hor-
izontal plane (y ¼ 0:375) and strong streamwise flow impinging on
the front surface of the downstream cube. These results are consis-
tent with the measurements (Martinuzzi and Havel, 2000) shown
in Fig. 7 as well as in the oil-film visualizations (see the subsequent
paragraph and Fig. 10 for details). It is supported in this figure that
an appropriately refined grid resolution is prerequisite to repro-
duce detailed flow features at this case. The eddy viscosity
modeled by DES-LR-cg and DES-LR-fg is one order of magnitude
smaller than that from URANS-cg and URANS-fg, which suggests
that the LES mode of DES–LR explicitly resolves most of the



Fig. 11. Three-dimensional coherent structures around the two wall-mounted cubes identified by the instantaneous iso-surface of q-criterion (q ¼ 6) colored by pressure
computed for SH ¼ 2 and 4.

Fig. 12. Instantaneous velocity vectors colored by out-of-plane vorticity computed at the plane of symmetry z ¼ 0 for SH ¼ 2 and 4. Vectors are plotted on the reconstructed
mesh for visualization.
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turbulence in the flow. As in the previous case, URANS computa-
tions appear to be insensitive to the grid refinement.

To study the topology of the surface shear stress patterns and
characterize the regions of flow separation, reattachment and high
surface shear on the plate, Martinuzzi and Havel (2000) applied an
oil-film visualization technique. Their results are shown in Fig. 10
together with the calculated surface shear stress patterns identi-
fied by the time-averaged friction lines colored with the mean fric-
tion velocity us (see Fig. 4 in Martinuzzi and Havel (2000) for
details of the notation in the oil-film visualizations). In this figure
and several subsequent figures associated with flow visualization,
all coarse grid solutions are not included, because they are less
meaningful than the fine grid solutions. We do not include also
DES-fg and DDES-fg solutions which reveal somewhat more com-
plicated vortical structures in the inter-cube region than DES-LR-
fg, because DES-fg and DDES-fg suffer from the premature switch
to unresolved DNS. The experimental visualization reveals the
presence of two distinct lines wrapping around the upstream cube



Fig. 13. Instantaneous velocity vectors colored by out-of-plane vorticity computed at a horizontal plane (y ¼ 0:375) for SH ¼ 2 and 4, as Fig. 12.

Fig. 14. Power spectra of velocity components resolved in the downstream wake for SH ¼ 2 and 4.
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marked by S and A. The circulation due to the horseshoe vortex in-
duces a high shear region on the plate, which results in a white
band of low pigment accumulation marked with A directly up-
stream of the horseshoe vortex. This line remains close to the loca-
tion of the horseshoe vortex as it wraps around the cube in
necklace-like pattern (Martinuzzi and Havel, 2000). The pigment
line S, which is farther upstream of the primary horseshoe vortex,
originates at the saddle point at the plane of symmetry and marks
the line where the approach boundary layer undergoes three-
dimensional separation due to the adverse pressure gradient im-
posed by the upstream cube. The oil-film visualization also shows
the footprints (dark pigment accumulation marked E) of a pair of
counter-rotating vortices just downstream of the upstream cube
for both SH ¼ 2 and 4 (Martinuzzi and Havel, 2000). Overall, these
features of surface flow observed in the leading edge region of the
upstream cube appear to be insensitive to SH and are well repro-
duced by both URANS-fg and DES-LR-fg. In the inter-cube region
and around the downstream cube, however, the measured near-
wall flow patterns significantly depend on SH , and URANS-fg and
DES-LR-fg yield quite different solutions for each SH . As shown in
experimental visualizations of Martinuzzi and Havel (2000), the
two lines S and A that wrap around the upstream cube merge into
a single line at a distance of approximately x = 4 to form a distinct
crescent-shaped region. The resulting single line bends inward to-
ward the plane of symmetry until it reaches the location of roughly
x = 5 where it is deflected away from the line of symmetry assum-
ing an orientation that diverges slightly away form the line of sym-
metry. It is seen that the curvature associated with the footprint of
the necklace-like horseshoe vortex is dependent on S/H. Upstream
of the second cube, the experimental visualizations of Martinuzzi
and Havel (2000) further show the lateral deflection of the result-
ing single line is much stronger for SH ¼ 4 than for SH ¼ 2. DES-LR-
fg captures the curvature of the experimentally visualized near-
wall patterns associated with the horseshoe vortices for both
SH ¼ 2 and 4. URANS-fg fails to reproduce the significant stream-
wise variation of the surface flow patterns for both cases.

We now turn our attention to the evolution of coherent struc-
tures in the flow. To identify three-dimensional coherent struc-
tures in the simulated flow we employ the so-called q-criterion,
based on the quantify q ¼ 1

2 ðkXk
2 � kSk2Þ where k � k is the Euclid-

ean matrix norm and S and X denote the symmetric and antisym-
metric parts of the velocity gradient (Hunt et al., 1988). Regions
where q > 0 – i.e., where the rotation rate dominates the strain rate
– are occupied by vortical structures. Although some deficiencies
associated with local pressure minima and imposed non-uniform
strain fields have been reported, the q-criterion has been found
to identify coherent vortices with less sensitivity to numerical
noise than the k2 method (Fraňa et al., 2005).



Fig. 15. Isolines of Reynolds normal stresses measured (Martinuzzi and Havel, 2000) and resolved by DES-LR-cg and DES-LR-fg at the plane of symmetry z=0 for SH ¼ 2 and 4.
No measurements (Martinuzzi and Havel, 2000) are available for SH ¼ 2.
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We apply the q-criterion to the instantaneous flow fields and
construct video animations of the resulting coherent structures.
Fig. 11 shows representative snapshots of q computed from UR-
ANS-fg and DES-LR-fg flow fields to elucidate overall features of
the instantaneous flows for different cube spacings. The iso-surface
of q criterion has been colored by the instantaneous pressure. This
figure and our video animations show that the flows resolved by
DES-LR-fg are dominated by very complex vortical structures that
emerge in various regions. In the leading edge region of the up-
stream cube URANS-fg and DES-LR-fg yield essentially identical
solutions, as shown in this figure, but their solutions are remark-
ably different in the downstream region. In the leading edge region
of the upstream cube, the HSV system is characterized by the shed-
ding of multiple vortices from the saddle point of separation lo-
cated roughly at x = 0.95 and their merging into the primary HSV
just upstream of the leading edge (see also Fig. 4). This horseshoe
vortex system consisting of multiple vortices was also observed
by Martinuzzi and Havel (2000) and also by Seal et al. (1995) in
an earlier study of flow around a rectangular bluff body in a thin
boundary layer.As shown in DES-LR-fg solutions, on the other
hand, arch-type vortices are continuously shedding from the front
edges of the upstream cube for both cases, which is consistent with
the early experimental observations in flow around a single cube
(Martinuzzi and Tropea, 1993). The DES-LR-fg solutions further
show that arch vortices are twisted near their legs attached to
the bottom plate as they move downstream due to the interaction
with the solid wall. The interplay of arch vortices and the obstacle
wake generates multiple hairpin and tube-like vortical structures
in the inter-cube region. Some of these vortices are entrapped in
the primary recirculation zones, and others move downstream
and impinge on the surface of the downstream cube. The overall
shape of these multiple vortices depends on the cube spacing, with
longer vortices forming for larger grid spacings. Our video anima-
tions constructed by instantaneous snapshots further show that
the wake structures, including these tube-like vortices, oscillate
in the spanwise direction.

Instantaneous velocity vectors colored with the out-of-plane
vorticity component at the plane of symmetry and at a horizontal
plane (y = 0.375) are plotted in Figs. 12 and 13, respectively. It is
evident from the comparison of the instantaneous snapshots
shown in these figures and the mean flow fields shown in Figs. 2,
3, 7 and 9 that URANS-fg captures only large-scale horizontal oscil-
lations of the wake structures in the inter-cube and the down-
stream wake regions, but fails to reproduce the rich dynamics of
coherent vortical structures. Note that URANS-cg yields solution
which is essentially identical to URANS-fg solutions. In contrast,
this comparison clearly demonstrates that DES-LR-fg yields very
rich instantaneous flow fields for the two cases studied by Martin-
uzzi and Havel (2000, 2004). More specifically, the DES-LR-fg solu-
tions shown in Fig. 12 along with our video animations depict that
for SH ¼ 4 the shear layer emanating leading edge of the upstream
cube undergoes more intense fluctuations in the vertical direction
in the inter-cube region than that for SH ¼ 2 and impinges on the
front face of the second cube. The impingement of oncoming fluid
results in a strong adverse pressure gradient which leads to the for-
mation of a second horseshoe vortex system in the leading edge re-
gion of the downstream cube. It is also recognizable from the
comparison of instantaneous flow fields shown in Fig. 13 and the
time-averaged ones plotted in Figs. 3 and 9 that the primary vorti-
ces are periodically advected downstream in alternating fashion.



Fig. 16. Modeled and total (modeled + resolved) Reynolds shear stresses �u0v 0 at the plane of symmetry z ¼ 0 for SH ¼ 2 and 4.
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The shear layers emanating from the side edges of the upstream
cube attach on the side surfaces of the downstream cube for
SH ¼ 2, while they attach on the front surface of the downstream
cube for SH ¼ 4. All these features of instantaneous flow fields com-
puted by DES-LR-fg are consistent and in good qualitative agree-
ment with the experimental observations of Martinuzzi and
Havel (2000, 2004).

To identify the dominant vortex shedding frequency of the two-
cube wake, power spectrum density functions of the streamwise
velocity component resolved by URANS-fg and DES-LR-fg at a point
2H downstream of the rear face of the second cube at the plane of
symmetry are plotted in Fig. 14. Martinuzzi and Havel (2000) ob-
served that the frequency of the spectral peak in the downstream
wake ranges from 0.095 for SH ¼ 2 to 0.105 for SH ¼ 4 asymptoti-
cally increasing with increasing SH to reach a value of 0.11, which
corresponds to the case of a single cube. As shown in Fig. 14, both
URANS-fg and DES-LR-fg capture the dominant frequencies in good
agreement with the measurements. However, URANS-fg repro-
duces only the large-scale wake structure at the lowest dominant
frequency while DES-LR-fg yields several harmonics associated
with the interaction of the wake downstream of the second cube
and the shear layer originating from the side leading edge of the



Fig. 17. Isolines of Reynolds normal stresses resolved by DES-LR at a horizontal plane y ¼ 0:375 for SH ¼ 2 and 4.
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upstream cube as well as the dominant wake frequency. Further-
more, DES-LR-fg results in velocity spectra that exhibit a clear
�5/3 power law inertial subrange for both SH ¼ 2 and 4.

The measured and resolved Reynolds normal stresses u02 and v 02

at the plane of symmetry are compared in Fig. 15. Note that only
the resolved part of the Reynolds stresses calculated by DES-LR
on the coarse and fine grids are plotted in this figure. The compo-
nents modeled by DES-LR are negligible in most regions of interest
except in the shear layer just above the top surface of the upstream
cube. URANS solutions are not included in this figure because the
resolved components obtained with URANS are negligible except
in the region of the horseshoe vortex upstream of the first cube.
Although it is impossible to validate the Reynolds normal stresses
computed for SH ¼ 2 due to the lack of the measurements (Martin-
uzzi and Havel, 2000), we include the results in Fig. 15 to compare
with those computed for SH ¼ 4. In the measurements of Martin-
uzzi and Havel (2000), the horseshoe vortex regions are discernible
as pockets of high u02 and v 02 in the leading edge of the upstream
cube for both SH ¼ 2 and 4. In particular, in the SH ¼ 4 case, high
turbulence level pockets mark the location of the second horseshoe
vortex upstream of the second cube (Martinuzzi and Havel, 2000).
These features of measured turbulent statistics are qualitatively
and quantitatively well resolved by DES-LR-fg in most regions of
interest. Only in the upstream part of the shear layer emanating
from the top leading edge of the upstream cube the level of the re-
solved components are lower than the measurements, which can
be explained by the fact that Reynolds stresses in that region are
not fully resolved and their modeled components are significant
(see Fig. 16 for further details). For SH ¼ 4, DES-LR-cg appears to
yield Reynolds stress distributions where the intensity of both u02

and v 02 are underestimated than in DES-LR-fg solutions and their
peak locations are distorted comparing to the measurements (Mar-
tinuzzi and Havel, 2000) in the inter-cube gap. The Reynolds nor-
mal stresses predicted by DES-LR-fg for SH ¼ 2 appear to be
lower than the corresponding solutions for SH ¼ 4 in the inter-cube
region and the downstream cube wake. Their values over the top
and in the leading edge region of the upstream cube do not appear
to be sensitive to the cube spacing. These results are consistent
with the measurements of Martinuzzi and Havel (2000) who ob-
served that the length of the inter-obstacle spacing has negligible
influence on the turbulence levels in the region upstream and
above the first cube in the separation zone.

To further explore the capability of URANS and DES-LR to repro-
duce turbulence statistics in the flows under consideration, we
compare in Fig. 16 the modeled and total (modeled plus resolved)
Reynolds stress �u0v 0 at the plane of symmetry. Note that, unfortu-
nately, measurements of Reynolds shear stresses are not available.
This figure confirms that Reynolds stresses in the leading edge re-
gion of the upstream cube are fully resolved by all simulations
regardless of the turbulence models. However, several remarkable
discrepancies between URANS and DES-LR solutions are discern-
ible in these figures. As mentioned earlier in this paper and also ob-
served by Martinuzzi and Havel (2000), the turbulence level in the
inter-cube region increases for SH ¼ 4. In the inter-cube gap, the
main recirculation region at the plane of symmetry exhibits ele-
vated levels of turbulence stresses as the inter-obstacle spacing is
increased. It is evident in Fig. 16 for instance that, as the cube spac-
ing is increased, the computed Reynolds stresses are significantly
enhanced in both the inter-cube and the downstream wake re-
gions. The comparison of Figs. 15 and 16 further confirms that
DES-LR-fg resolves most of Reynolds stresses with good agreement
with the measurements (Martinuzzi and Havel, 2000) while UR-
ANS significantly underestimates the Reynolds stresses, particu-
larly for the larger cube spacing, and most of stresses are modeled.

The Reynolds normal stresses resolved by DES-LR-fg at a hori-
zontal plane (y = 0.375) are plotted in Fig. 17. As in Fig. 15, UR-
ANS-fg solutions are not included in this figure due to the
negligible level of the resolved components. As mentioned previ-
ously, URANS fails to resolve the aforementioned flapping motion
and the interaction with the downstream cube of the shear layer
emanating from the top leading edge of the upstream cube while
resolves only a part of Reynolds stresses associated with the
large-scale, low-frequency wake structures downstream of both
cubes near the bottom flat. That is, URANS reproduces only a peri-
odic spanwise oscillations of the wake structures with a dominant
frequency and without harmonics reproduced by DES-LR as also



Fig. 18. Modeled and total (modeled + resolved) Reynolds shear stresses �u0w0 at a horizontal plane y ¼ 0:375 for SH ¼ 2 and 4.
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shown in Fig. 14. This result from the URANS computations is fur-
ther supported by Fig. 18, which shows the modeled and total Rey-
nolds shear stress �u0w0. In the URANS computations, as shown in
Fig. 18, most of the Reynolds stresses are modeled at the horizontal
plane as at the plane of symmetry shown in Fig 16. Fig. 18 shows
that the high shear stress region computed by DES-LR-fg at the
horizontal plane is inflected outward past the downstream cube
for SH ¼ 4. This feature is attributed to the development of the sec-
ond horseshoe vortex in the leading edge region of the down-
stream cube and is consistent with the oil-flow visualizations of
Martinuzzi and Havel (2000) and the friction lines computed by
DES-LR-fg. In terms of the turbulent intensity, furthermore, DES-
LR-fg yields increased level of Reynolds stresses as the cube spac-
ing increases, which is also consistent with the computed and mea-
sured results previously shown in Figs. 15 and 16.
4. Conclusions

We investigated the performance of URANS with the S–A model,
the standard DES proposed by Spalart et al. (1997) and its two re-
cently proposed modifications, DDES and DES-LR (Spalart et al.,
2006), by applying them to simulate the flow around two wall-
mounted cubes in tandem with two different cube spacings,
SH ¼ 2 and 4, at a moderate Re of 22,000. The sensitivity of each
model to grid refinement was studied via computations on two
successively refined grids. Several important conclusions are
drawn from this study based on the comparison of numerical solu-
tions with the measurements of Martinuzzi and Havel (2000,
2004).

The predictive capabilities of the various turbulence models are
found to vary significantly in various regions of the flow. All turbu-
lence models yield essentially identical results in the upstream
junction region between the first cube with the flat wall. The sim-
ulations resolve a dynamically rich horseshoe vortex system con-
sisting of several vortices that are shed continuously from the
upstream point of separation. The good agreement between all tur-
bulence models in this region should be attributed to the combined
effect of the very thin approach boundary layer, the low levels of
turbulence intensities at the inlet and the relative low-Reynolds
number of the flow, which result in an essentially laminar or at
most transitional three-dimensional separation and vortex forma-
tion. The predicted time-averaged horseshoe vortex is in good
overall agreement with the measurements but the mean location
of the vortex is somewhat closer than measured to the first cube.

In the inter-cube and downstream regions of the flow signifi-
cant discrepancies are observed among all four turbulence models.
URANS underpredicts significantly the intense large-scale fluctua-
tions of the flow and consequently grossly underpredicts the Rey-
nolds stresses in this region and fails to capture even gross mean
flow features, such as the overall curvature and general structure
of the lines of separation wrapping around the two-cube system
in the limiting streamlines along the bottom wall and the second
horseshoe vortex that forms at the upstream junction of the second
cube with the bottom wall for SH ¼ 4. It is worth noting, however,
that URANS even though it only resolves very large-scales of mo-
tion does capture correctly the dominant shedding frequency in
the wake of the second cube. Also URANS yields the best overall
agreement between the computations and the measurements for
the mean flow patterns in the separated flow region at the top of
the first cube. The grid sensitivity study shows that URANS solu-
tions are essentially insensitive to the grid refinement.

All DES models on the coarse grid (DES-cg, DDES-cg and DES-
LR-cg) yield almost identical flow field, which is similar to the UR-
ANS solution. All DES models fail to capture some key features of
the mean velocity field, such as the development of the second
horseshoe vortex in the leading edge of the downstream cube. In
contrast, DES solutions on the fine grid (DES-fg, DDES-fg, DES-LR-
fg) reproduce different flow fields. Both the DES-fg and DDES-fg
solutions exhibit the well-known shortcoming of DES in the in-
ter-cube region of the flow. These two computations yield identical
results in the inter-cube gap with a spurious vortex pair forming in
the vicinity of the second cube. This non-physical behavior should
be attributed to the premature switch of DES to under-resolved
DNS in this region of the flow, which is characterized by low over-
all velocities and thus low local cell Reynolds numbers. The DES-LR
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model is shown to effectively remedy this shortcoming of DES as
on the fine grid yields both mean flow and turbulence statistics
that are in very good overall agreement with the measurements.
Furthermore, DES-LR-fg is shown to directly resolve most scales
of motion in the flow in the inter-cube and wake regions as evi-
denced by the computed spectra, which not only resolve correctly
the dominant shedding frequency but also exhibit a well defined
�5/3 power law inertial subrange. The only discrepancy between
the measurements and the DES-LR approach is observed in the sep-
arated region above the first cube where, as we already mentioned,
URANS yields the best overall prediction of the measured mean
vortical patterns.

Overall our results confirm that the low-Re correction of Spalart
et al. (2006) employed in DES-LR is a good remedy for the non-
physical behavior of DES in low cell-Re regions of the flow. In most
regions of interest, DES-LR-fg yields mean flow, turbulence statis-
tics, and instantaneous flow patterns that are in good qualitative
and quantitative agreement with the measurements.
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